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A CRACK ON THE INTERFACIAL BOUNDARY OF PRESTRESSED ELASTIC MEDIA* 

V.B. ZELENTSOV and L.M. FILIPPOVA 

The plane problem of the equilibrium of a piecewise-homogeneous body 
weakened by a crack located on the interfacial boundary of the materials 
and under uniform loading is considered. There are initial stresses in 
the body that act in the direction of the interfacial boundary. The 
solution of the problem is found by reduction to a system of singular 
integral equations. It is established that exactly as in an analogous 
problem without taking account of the initial stresses /1-3/, the 
solution near the crack tip is rapidly oscillating in nature, where the 
oscillation zone is broadened as the initial compression increases. 

I. We consider a piecewise-homogeneous elastic body consisting of two half-planes inter- 
connected along the whole interfacial boundary y = 0 with the exception of the segment 
J x ] ~ ~ which is a rectilinear crack in the form of an infinitely thin slit. Here x, U 
are dimensionless coordinates referred to the crack length a. The body is subjected to a 
preliminary homogeneous finite strain for which there are no stresses on lines parallel to 
the z axis. The crack edges are loaded by uniform pressure p and a uniform shearing load of 
intensity T. The strain caused by the loading of the crack edges is assumed to be small, 
and consequently, we use linearized equilibrium equations for a prestressed medium to solve 
the problem /4/. 

For non-linearly elastic materials of general form the solution of the problem gives rise 
to serious technical difficulties. Consequently, we will investigate specific models of 
materials. It is assumed in this section that the materials filling the lower and upper half- 
planes are incompressible and described by the Mooney model /4, 5/ with shear modulus G i in 
the lower y < 0 half-plane and shear modulus G 2 in the upper y < 0 half-plane. 

The mathematical formulation of the problem constains boundary conditions on the line 
y=0 

u~ = u2, vl = v2, Ovv 1 = 0 ~ ,  0 ~ 2 = 0 ~ 1 ,  1 <  I x 1 <  
Ot,~l = 0 ~  = - - p ,  Owl = O w ,  = ' c ,  Ix  1 ~ 1  (1.t) 

*PPik~.Matem.Mek~.,53,5,83o-836,1989 
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in addition to the differential equations presented in /4/. 
Here ~ ~ are the horizontal and vertical components on the displacement, and 0ux, D¢~ 

are the Piola linearized stress tensor components. The subscript 1 refers to the lower and 
the subscript 2 to the upper half-plane. 

By using the Fourier integral transformation the problem formulated in the class of func-' 
tions decreasing at infinity can be reduced to a system of singular integral equations in the 
unknown displacement jumps at the slit y =0, Ix l<l 

5 , i i v(D d~ J x l < l  (1.2) u ( x ) - ~  (~-z)~ ~ = P * '  
--1 

I 
i 

6v ' (x)  + - - h -  f ~ u ( D  d ~ - x , , - -  I x ] ~ l  
--1 

U = U 1 [, ~O  - -  U2  [1,=O, U = U 1 I y = 0  - -  U 2 [y=O 

p , '  = p R ~  (A, e) a, x ,  = "t'BA2~ (A, e) a 
(A,e) = L(A)(I - -e  2 ) - 2 ( I  +e)  A 2(A 2 + I )  2 + 2 ( i - e ) "  

• (A 8 - -  t )s  

L ( A )  = A 2 + A * + 3 A  2 - 1 ,  B -~ = G ~ e ( t  + e ) ( t  + A s ) 
1 - - e  5 ~ - t  G x 

Here A = 1 ~-e>0, where e is the magnitude of the preliminary homogeneous strain along 
the z-axis and the prime denotes the derivative with respect to x. 

The system of integral equations obtained reduces to the Hilbert problem on the slit. 
Using /6/, we obtain the solution of the system in the form (Ix l ~1) 

u (.c) = - - A ~  (5 ,  e) lxA cos co (x) + p s in  co (x)] ( t  - -  xn) '/, 
v (x) = ~ (A, e) [p cos co (x) - -  "rA s in  co (x)] (1 - -  xS) '/, 

% ( A , e )  = a R - l ~ ( A , e )  L -x (A) ,  o~(x) = y l n ( t  + x ) / ( t - - x )  
"l' = (2~t)-~ In cz, cz = (A - -  6)/(A + 8) 

(t.3) 

The solutions (1.3) found determine the divergence of the crack edges and enable the 
displacement field to be obtained in the body. In particular, the displacements in the lower 
half-plane (y ~ 0) are calculated from the formulas 

V 1 (X, ~) = a K  1 (A, e) { - - A l  n Be  F1 (zl) - -  112 I m  F 2 (z,) + Alsl Be  F 1 (z) + (1.4) 

z22 Im Fs (z)} 
/71 (z) ---- (z s - -  t)'/, lp s m  co, - -  "rA cos co,l + Azz 

F~ (z) = - -  (z s - -  t )v,  [p s in co, + xA s in  co,l + pz  
111 = - - e ( A  s -  l ) - - 4 e A  s ( t - e ) + e ( t  + A 4 ) [ 2 _ e ( t +  A4)] 

lls =--2e(A4--1) A s -2eAs( l  + A 4 - 2 e ) + e ( 1 - e ) ( l  + A') s 
Is,=e(1 +Aq(as--1)~+4e(l+e)A 2-e(1+A4) I2A s + e ( l +  

A')], 
I~ = 2e (AS _ 1)s A s + 2eAs (1 + A, + 2eA 2) -- e (I + e) A s (I + A'): 

K , - ' ( A , e )  = G , B ( A m - - t )  L ( A ) ,  co, = v l n ( z + l ) / ( z - - 1 )  
z, = z + i y A  2, z = x + t y  

u 1 (x, y) = a K I  (A, e) (A211x I m  F8 (z,) - -  ( t .5)  
A21x2 Re  F l l  (zl) - -  A l n  Im F 8 (z) + 12s Re  F .  (z)} 

F a (z) = (z s - -  t ) ' / ,  (p s in co (z) + xA cos co (z)) + rAz  
F ,  (z) = (z s - -  1)'/, (P cos co (z) - -  xA s m  co (z)) - -  pz  

An expression for the displacement of the lower crack edge results from (1.4) and (1.5) 

v I (x)  ~ O,5aeR-1L -1 (A) [(pro cos co + "ram+ sin co) (1 - -  ~s)'/, __ (1.6) 
4A s ( l -  A 4) xx], I x  [ <  I 

m +  = 4 A ( t - -  A 4) s h ~ , ~ 2 g ( A , e )  
g ( A , e )  = A e + 3 A  4 -  A ~ +  t + e L ( A )  

r, 1 (x) = - - 2 e a A  (t - -  A')  B t L  -x (A) [(p s in  co + A"r cos co) (x s - -  1)'/, + 
+ x a x ] ,  i x l > t  (1.7) 

u 1 (x)  = - - a e R - X L  -1 (A) {(pn_ sin co - -  xAn+ cos co) (1 - -  xS) '/, - -  
2A s (A' -- I) x}, I z I < I (1.8) 
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n ;  = 2 A  2 ( M -  l )  s h a  V ~ A g ( A , e )  (1 !~) 

uz (x)  = - - 2 a a  ( M  - -  1) R-1L -1 (A) [ (p  c o s  ~ - -  z h  s i n  ~ )  (x  2 - -  t ) ' ,  - -  

px], Ix  l >  1 

Components characterizing the body displacement as an absolutely rigid solid are dis- 
carded in (1.4)-(1.9). 

As in /1-3/, the relative displacements u, U of the crack edges oscillate on approaching 
the crack apex, where the oscillation frequency tends to infinity as I r ]-+ i Analysis of 
the magnitude of the oscillation zone enables the interval of physical correctness of the 
problems being solved to be indicated. 

Three cases can be represented for Mooney materials. 
For ~ - ~ -  i (different materials) and for A == 1 (no prestresses) we have y = 0 ,  i.e., 

no oscillations. The system of integral equations decomposes here into two individual 
equations. This essential difference from the analogous problem for an unstressed medium /i- 
3/ is due to incompressibility of the material. 

For ~ -= I (identical materials) and A g~: I (prestresses present) there are also no 
oscillations. Note that in this case the crack edges experience vertical displacement for 
p = 0, T~0 although a crack opening does not occur. 

For ~ = i and A~I (different prestressed materials) oscillation occurs, the par- 
ameter ~ characterizing the oscillation zone, here satisfies the inequality ~,-*<~<~, 

~,=max{/_/A,L,L}, / ±  = A ~ ~ A ~ + A ~ 1 

The inequality mentioned is obtained under the assumption of the possibility of extreme 
ratios of the material stiffnesses (g = 0, ~ =oo). Then ~,~(0, oo), if A>A, = 05437, where 
A, is the root of the equation /_ (A)/+ (A) = 0 closest to one. 

As A-+A, the displacements in the body increase without limit, i.e., instability of 
the piecewise-homogeneous prestressed medium with the crack sets in. Note that the magnitude 
of the critical strain of a piecewise-homogeneous body A, is identical with the critical 
strain of a homogeneous Mooney body with a crack /4/. This agreement is due to the fact that 
the critical strain for a Mooney body is independent of the shear modulus. Computations show 
that the displacement oscillation zone manifests itself appreciably just for A sufficiently 
close to A.. 

Values of the relative oscillation zone width Az ~ e -2z/m~ /3/ from the crack tip are 
given in Table 1 for different e and A. As (1.3), (1.6) and (1.8) show, in this case the 
vertical displacements of the lower and upper crack edges are distinct for p ~ 0, T~0. This 
means that, unlike a homogeneous material, a crack opens under the action of a tangential 
load. 

e ~ - - 0 . ~ 5 5  e = - - 0  4 e == - - 0  2 e = 0  2 

0 .5  
0.1 
0 . 0 t  

1 2 . 1 0 - e  
2 . 6 1 0 - =  
1 9 . 1 0 - z  

2 0 10 -s 
3 .0  10 -3 
1.6 10 -z 

8 6 .  t 0  - 2 .  
8 . 3 . 1 0  -~o 
3 .4  10 -s 

3 .b -  t0  -4a 
9,  t t0  -~s 
t 2 10 -la 

Table 1 

Using (1.4)-(1.9), we obtain for the true additional stresses osK /4/ 

or.,,, = 0~ 1 = A-aM {2As/n Im ~s (z,) + 2A2/z2 Re Fs (z,) -- A (I + 
A4) /21 I m  F s (z) - -  (1 -f- A ~) lss R e  F s  (z)} 

(i. 10) 

M - z = 8 ( t + s ) ( A ' - - t ) ' ( A ' + t ) L ( A ) ,  z ~ = x + ~ A ,  z = z  + i V  
/ z - -  t \ - ' / ,  . F~(z) = ~ )  ( p s i n c o - -  ~ A c o s ~ , )  + (z ~ -  t ) - ' / ,  × 

[ ( 2 y p  + Az)  c o s  co - -  ( p  - -  2~z%,) s i n  co] 
I : -- I \-'/,, Fe(z) = k *-/'-+-{-) t p  c o s  co + "~A s i n  o~) - -  p - -  

(z ~ - -  t ) ' / ,  [ ( p  - -  2 A v r  ) c o s  o~ + ( 2 y p  + A'~) s i n  ~ ]  

o ,  = %, I n  [ ( z  - -  l ) / ( z  + t )1  

f F.(~), I~1> t 
O'yvl I - p ,  I z l < ~  

The deduction can be made from (i.i0) that the normal stresses have the singularity 

P-'/' (P = V ( z2 - I)' -~ y~) on approaching x = I, y = 0. In particular, for T = 0, the 
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asymptotic Gyyl has the form 

0 ~  ~ %~t = M (Mr cos ¢o + M~ sin ¢o) (2p)-'/, + O (p'/,) 

Mt ~ - -  4A ~ (t + 7) ao ~ In sin t/~ ~p~ + 2 ~ i ~  cos '/~ q~t + 
2A (t + 7) (t + A ~) l,x sin ~/s ~ - -  (t + A') l ~  cos t/s ¢p 

M~ ~ 2/k~a~/n s in  ~/~ q~--  47A~ct~/1~ cos t/~ q~ _ A ( t  + A ~) l~t s in  ~/~ ¢p + 
2 7 (t + A ~) l~, cos 1/2 q~ 

x ~ t + p cos ~p. g ~ p s in  ~. a o ~ (cos ~ q~ + A ~ s in  ~ q~)'/. 
s in  ~/~ q~ --~ s ign q~ [t  -- ~' cos qo]'/y~r2" 

cos  , / , ~  = [ i  + ~ '  cos  ~ l ' / ' l l / ~  - 

(~.~t) 

The stresses have oscillations near the crack tips on the continuation of the crack line. 
The other stress components are expressed by the relationships 

0v.1 = A-~M{-- A (A 4 + t)  luReFT(zl) - -  (A4 + t)/1 ~ lmFs(z.) + 

2A/st Re FT(z ) + 2ls~ ImFs(z)} 
. . f z - - l \ - ~ l , .  F7 tz) = ~ , - - / -y)  ~O s,n co - -  A~ cos co) + A-c - -  

(z 2 - -  t)-'/, [(--  27p + A~) cos o~ + (p + 27A~ ) s in o~] 

0u~t = A-aM {--2AS/11 Re F7 (z) - -  2A~/1~ Im Fs (%) + (1 + A4) • 
• Al ,  x Re  F~ (z) + (t  + A*) l ~  I m  Fs (z)]} 

0 ~ t  = A-aM [ ~ t  (zt, z) + (A ~ + 3) ~ (z i, z)] 
~1)~ (Z~. Z) = 2AS/n Im F~ (zx) + 2Aalt~ Re F~ (z~) - -  A (1 + 

A') 1st I m  F~ (z) - -  (t + A ~) l, ,  Be F~ (z) 
Os (z~. z) = ASln I m  F,  (%) - -  A~l~, Re F~, (%) - -  

Alex I m  F,  (z) + t~  Re Fro (z) 
F ,  (z) = (z ~ - -  t ) - ' / '  [(pz -4- 27A~) sin ~o + (A~z + 27p) cos o~] - -  A~ 

F~o (z) = (z ~ - -  i)- ' / .  [(pz + 27A~) cos o~ + (27p - -  A~z) s in  o]  - -  p 
/ z - -  t \ - 'I , .  F 8 (z) = - -  ~ - ~ - y ]  ~p cos ~o + A~ sin ~o) + 

(z ~ - -  t ) - ' / . [ (p  - -  2¥~A)cos ~o + (27p + A~ s in  0o)] 
A - ' ~  (z), I z l > t 

o~1 
= ~ ~, I ~ [ ~ < ~  

All the formulas presented for s = I (identical materials) reduce to the corresponding 
formulas in /4/. 

2, We will now examine the problem of a crack on the interfacial boundary of two pre- 
stressed media on the assumption that each medium is described by a model of a compressible 
semilinear (harmonic) material). In this case the linearized ecfuilibrium equations of the 
plane problem for a homogeneous initial stress field have the form /5, 7/ 

in which 

OOx.~ OOvx OOx~ 
o~ + - W - y  = ° ,  ~ +  = o  (2.t)  

2~ [ ( t - - v )  a~ ov 

1 
oz J 

2 V Ou 

(2.2) 

Here x, y are Cartesian coordinates in the undeformed body state, u3 v are displacement 
components, ~ is the shear modulus, v is Poisson's ratio, and A is the multiplicity of the 
elongation in the z axis direction for the initial plane state of strain. The boundary con- 
ditions of the problem on the interracial line of the materials (y = 0) duplicate (1.1). 

It is assume~ that the displacements vanish at infinity. As in Sect.l, the problem is 
reduced by a Fourier transform to the solution of a system of integral equations of the type 
(1.2), which results, in turn, in the solution of one integral equation 



658 

¢(Dd~  
2 m ¢ '  ( x ) - - 2 5  

- ~ - -  ~)~ m ~  (=1 - -  ~) (p  - -  ~ )  
- - 1  

--  2 A ( l - - v ~ - ~ e ( l  - - v ~ ) m o  -~, m o =  e ( l  - - 2 h v ~ ) - -  ( i - - 2 A v ~ )  

~(x) = v(x) + ~u(x), v = v ,  l u = o - - v ~ l ~ = o ,  u = u ~ l ~ = o - - u ~ l ~ = o  

(2 3} 

Solving the integral equation /6/, we obtain the function 
parts are the desired divergences of the crack edges 

aA 
U =  21~,e (2A _ 1) ( t  --- a~2)'/, [p  s i n  ~0) -~- TCOS 7(o ] 

--aA 
U 2bt,e(2A__ 1 ) ( t  - - x2 ) ' / , [pCOSTO)- -~s in7o) ]  

A =  ] / m - - ~ ,  7 = (2~) - ~ l n a ,  a = m , / m z  

m~ = 2 A - -  I + e ( l - 4 - 2 h ( l - - 2 v a ) ) ,  m~ = e ( 2 A - - l )  + I + 2 A ( 1 - -  

2~'~), ¢o = l n [ ( l  + x ) / ( l - - x ) ]  

(x) whose real and imaginary 

(2 4) 

(2.5) 

(2.6)  

To analyse the behaviour of the solution near the edges, on the basis of (2.4) and (2.5), 
we write the displacement formulas for the medium of the lower half-plane 

u,  = M { - - a l  n I m  [Pgl + ~g,] -4- al,~ Re  [pg, - -  ~g,] - -  (2.7) 

y l 2 , [ R e  ga + I m g 4 ] ,  gl  = R s i n  o), g2 = R c o s  o ) - - z )  

gs = - - p r s m o )  + T (r cos  o) - -  1) + ( 2 7 p + ~ ) R  - l c o s ( ~  + ( p - -  

27~) R -1 s m  (o 

g4 = - - p r  cos ¢o + ~r s m  ¢o -5 (27p ~- r) R -1 s i n  o) - -  (27~ -?  p)  R -1 cos (a 

M-* = 2 p , ( 2 A - -  1) A c h n T ,  l n = 2 h  I( t  - -  v , )  ( t  - -  2hv2)  + 

( t  - -  v2) (1 - -  2Avx)  ] 

/ n  - -  ~ (2A - -  1) x + lnxlx2 ,  x, = t + 2A (1 - -  2vi)  

l~l = x 2  + e ( 2 A - -  1), o) = 7 1 n [ ( z +  l ) / ( z - -  1)], z =  x +  ty 

R = (z 2 -  t) ' / , ,  r = ( ( z - ~  t ) / ( z - -  t))'~, 

For y = 0 we have from (2.2) 

u,  = a l ,~M {p [ (x '  - -  1)'/, cos  %,(0 - -  t ]  - -  ~ (x ~ - -  1)'/, s i n  7¢o) (2.8) 

] x l > t ,  o) = l n [ ( x + t ) / ( z - - t ) l  

u,  = a M  { - - / n  ( t  - -  x~) '/, (p s in  y¢o + ~ cos 7¢o) ch  ~%, - -  (2.9) 

1,~ [p  ( ( t  - -  x')V,  s i n  7¢o s h  ~ 7  + x)  - -  • (1 - -  x~) '/, cos 7(0 sh  7 ~ ] }  

co = I n [ ( l  + x ) / ( l - - x ) ] ,  I x l ' - < < t  

The vertical shifts of the medium are calculated from the formula 

v 1 = M { - - a l  n Re  [pg, + ~g2] + a l n  I m  [Pg2 - -  

Tg 1] + yl2, [Re g,  + I m  gs]} 

g~ = p (r cos  o) - -  1) -~- vr s in  co / -  (27p A- ~) R -x s*n (o -}- (p - -  

2y~) R -1 cos ¢o 

gs = p r  s in  o) - -  ~r cos ¢o + (27p -4- z) R 1 cos co - -  (p - -  2yz)  R -1 s i n  (o 

vl lu=o = - - a l n M  {P ( x~ - -  t ) ' I ,  s in  7o) - -  q [(x 2 - -  1)'I, cos  7¢o - -  x]}, 

I x l > l  

ul J~=o = a M  {l l ,  sh  =7  [P (1 - -  x~) '/, cos  7¢o + • [ ( t  - -  x2) '/, - -  

x)l  -4- In  ch  =7  (1 - -  x2) 1/, (p cos  7(o - -  • s i n  7o))}, I x I < t 

(2.10) 

( 2 . 1 i )  

(2.12) 

Formulas (2.8), (2.9), (2.10) and (2.12) show that, as in the previous problem, the dis- 
placements oscillate as the crack apex is approached. For the analysis of the oscillation 
zone we note that for A = | (no prestresses) the oscillation zone parameter ~ from (2.6) 
is identical with its value in ordinary elasticity theory /1-3/. For e = I (identical 
materials) ~ = I and there is no oscillation irrespective of the magnitude of the prestress. 
In the case 8 = I the coefficient ~ is within the limits ~.-i<~<~., where ~,=(|+2A)(|-- 
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2vl)/(2A--l). It is seen from (2.7) and (2.10) that for d = A* = 0.5 the plane becomes 
unstable. On this basis, for A>A* the parameter ~ can vary between 0 and oo, where 

-+ & (i -- Vl)/(i --Vs) as A-+ A*. 
The dependence of the displacement oscillation zone on the initial strain is given in 

Table 2 for a semilinear material. 

Table 2 

e • = --0.'.9 e = -~.'i e = --0.2 e = 0.0 • = 0.2 

0 5  
0.1  
0.01 

8,4.10-7 
2 .1 .10-2 
1 .7  I0-* 

I ,  1.10-** 
2 .3 .10- s  
1.2.  I0 -~ 

3 .7 .  t0  -l* 
8 .7 .10 -e  
6 .6 .10 - s  

7 . 3 . 1 0 - u  
2.0-  I 0 - '  
7 .7 .10-s  

5 . 8 . 1 0 - "  
4 .8 .10  -*s 
2 .0 .  I0  - s  

Because of their awkwardness, formulas are not presented for the stresses. Analysis 
shows that the stresses have the classical root singularity at the crack ends and oscillate 
near them. The oscillation zone width depends on the initial stresses. When the magnitude 
of the prestress tends to the critical value corresponding to buckling of a body with a crack, 
the displacement oscillation zone broadens and may cover the whole crack. 
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